LA-UR-96-3703

Approved for public release;
distribution is unlimited

Title: Black Box Multigrid Solver for Definite and Indefinite

Problems

Author(s): Yair Shapira

Submitted to: External Distribution

Los Alamos

National Laboratory

Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by the University of California for the
U.S. Department of Energy under contract W-7405-ENG-36. By acceptance of this article, the publisher recognizes that the U.S.
Government retains a nonexclusive, royalty-free license to publish or reproduce the published form of this contribution, or to allow
others to do so, for U.S. Government purposes. Los Alamos National Laboratory requests that the publisher identify this article

as work performed under the auspices of the U.S. Department of Energy. The Los Alamos National Laboratory strongly supports
academic freedom and a researcher’s right to publish; as an institution, however, the Laboratory does not endorse the viewpoint
of a publication or guarantee its technical correctness.

Form 836 (10/96)



Black Box Multigrid Solver for Definite and
Indefinite Problems

Yair Shapira
Computer Science Department, Technion, Haifa 32000, Israel

Now at Los Alamos National Laboratory
MS B-256, Los Alamos, NM 87545, e-mail: yairs@lanl.gov

Abstract

A two-level analysis method for certain separable problems is intro-
duced. It motivates the definition of improved versions of Black Box
Multigrid for diffusion problems with discontinuous coefficients and
indefinite Helmholtz equations. For anisotropic problems, it helps in
choosing suitable implementations for frequency decomposition multi-
grid methods. For highly indefinite problems, it provides a way to
choose in advance a suitable mesh size for the coarsest grid used. Nu-
merical experiments confirm the analysis and show the advantage of
the present methods for several examples.

KEY WORDS elliptic PDEs, discontinuous coefficients, indefinite Helmholyz
equations

1  Preliminaries
Consider the nonsingular linear system of equations
Ax = b, (1)
arising, for example, from a discretization of the elliptic PDE
—V(DVu)+ i -Vu+ pu=f (2)

in Q C R? with suitable boundary conditions, where d is the dimension of
the problem and D, K and [ are given functions (D is a d X d symmetric and
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uniformly positive definite matrix and & is a d-dimensional vector). Assume
that A is an operator in V' (), where Q C {j = (j1,...,Jja)} C Z%1is the grid
and, for any set ¢ C Z% V(g) is the linear space of functions defined on g.
With this assumption, A may be considered a tensor A = (af,})f,j‘e(z' In the
following, we will treat A both as a matrix and a tensor, assuming that the
ith equation in the matrix A (with some ordering) corresponds to grid point
i. For1< j < d, denote by 1U) the jth column vector of the identity matrix
of order d. Define

00 ={ieQ|3j, 1<j<d, such that i1 +19 & Qori—19 ¢ Q}.

When periodic boundary conditions are imposed, © and Q are torus and
discrete torus, respectively. Hence in this case 99 = 0.

For any set s, let |s| denote its intensity. For any tensor M = (mgj),
define the off-diagonal sum operator r(M) by

(M) = > my;.

JEQ,j#i

1.1 Definition of the Abstract Two-Level Method

Let S : o — Sz, S = S(A,b), be a smoothing (relaxation) procedure for
(1) with the corresponding iteration matrix S. Let v, and 1, be positive
integers denoting, respectively, the number of presmoothings and number of
postsmoothings used. The operators R (restriction), P (prolongation) and @
(coarse grid coefficient matrix) will be defined later. The abstract two-level
(TL) procedure is defined by

TL(@in, A, b Tout) © ot = 5™ (5" win + PQ'R(b— AS" 2)) . (3)
An iterative application of TL is given by

x90=0, k=0

while ||Axy — b||2 > threshold - [|Azy — b||2
TL(xg, A, b, T 41) (4)
k<« Fk+1

endwhile.

Note that the iteration matrix for this method is
S”2(I — PQ™'RA)S™. (5)

This representation is the basis for the two-level analysis in Section 3 below.
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1.2  Definition of Black Box Multigrid

Here we describe the Black Box Multigrid method of [5]. It is denoted in the
sequel by BBOX.
Assume that A is of 3%-coefficient stencil, that is,

|;_j|oo >1= agz = 0.

For any integer m, denote ‘m is even’ by 2|m and ‘m is odd’ by 2 fm. For
any index set ¢ C {1,...,d}, define the set

g ={jeQImeqge2 [jn}.

.....

in which the set g(g) corresponds to color ¢ (see [12], Method B). Typically,
g(0) serves as a coarse grid. In the sequel, we will also use the notation
c=g(0) and f = Q\ ¢. This induces a block form for A:

_ ([ Arr Age
A= ( Acf Acc > ’ (6)
where A;; and A, are of order |f| and |c|, respectively.

For any 7 € Q, let ¢(1) C {1,...,d} be the set for which i € g(q(7)). For
each ¢ € f, define the sets

tr={meQ| [m—il.<1, qom)Cq@)}

and, for each j € iz, the sets

siz={me Q| |m—ile<1, q0m)Ngli) Cq(f) Cq(m)}.

For 7 € ¢, define t; = s;> = {i}. In the prolongation, t- is the set of grid
points contributing to i and s;> 1s the set of grid points on which a stencil

sum (‘collapse’) is done to compute this contribution. Define the tensors
U= (u;};) and L = (l;’;) by

{ Zﬁ"LESU a/;,ﬁ"l, ] € t;

U»» = 7
bJ 0 otherwise (7)
Zﬁ€s~&"? Zet—’) Z%j
and > = ji ] J 8

" { 0 otherwise, (8)

respectively, where (see [7])

2,0

Q- otherwise.

o { —7r7(A) j=1and |a; 7+ 1;(A)| < ag;|
i7j -
l7]



Assume that the variables are ordered in blocks corresponding to colors ¢
with decreasing order of g|. Since t; C {i} UU_,@9(s), U and L are upper
and strictly lower triangular matrices, respectively. Define

P = U"'diag(U) and R = diag(U)(L + diag(U))™". (10)

For symmetric problems, these definitions are equivalent to those of [5]; for
nonsymmetric ones, however, they are slightly different from those recom-
mended in [6]. We prefer the present definitions because they allow the
simplifications in Section 2.4 below.
For any set g C Q, let J, : V(Q) — V(g) be the injection
(J); = v veV(Q), J ey

The definition of BBOX is completed by

. -1 -1
either Q! = <dwg(f4ff)0 (Ryy) (JCRA(;?Jg)*) (11)
_ 0 0
or Q7 = @)@&@ﬁﬁ)' (12)

Approach (11) is the one used in [5], whereas (12) is used in [13].

1.3 Difficulties with Black Box Multigrid

We have found in our experiments that Black Box Multigrid has three sources
of difficulties:

1. The examples tested in [2] [5] [6] use odd number of grid points in each
spatial direction and coarse grids consisting of odd numbered variables
of the next finer grid, so that coarse grids always include boundary
points. When coarse grids consist of even numbered variables (as for
the current implementation) the convergence is somewhat slower.

2. It was pointed out in [13] that Black Box Multigrid stagnates for certain
diffusion problems with discontinuous coefficients. This phenomenon
is due to strong coupling in the third-level coefficient matrix between
subdomains which are only weakly coupled in the original system (see
[2]). This strong coupling arises from the collapse (7)—(8) which mixes
oblique connections with Cartesian ones, thus introduces strong con-
nections between variables which should be only weakly connected.



3. The performance of Black Box Multigrid deteriorates when (even small)
amount of indefiniteness, namely, negative 3 in (2), is inserted into
the equation (by ‘Black Box Multigrid’ we refer here to the naive,
straightforward extension of the method of [5] to indefinite problems
(Section 1.2)).

To illustrate the second difficulty, consider Equation (2) in the 2-d region
(0,62) x (0,62) with =0, =0 and D = diag(D, D), where

001 (o y) € 0= {(a,y) | o —wl + |y — o] < 1)

5 - 1000 (2,9) € (0,0) x (0,w) U (w,62) x (w,62) \ 0
() = ! (z.1) € (0.w) % (w,62) U (w,62) x (0,) \ 0
0 (x,y) € (0,62) x (0,62),

and 0 < w < 62 is the breaking point. The boundary conditions are

Uup =0 z=0o0ry=0
Du, +05u=0 x=062o0ry=062.

The finite volume scheme of [2] is used over an N X N uniform grid with
N = 63 and the origin lying on the grid point numbered (1,1). The coarse
grids consist of even numbered points of the next finer grid (as defined in
Section 1.2); this implementation is used throughout the paper, except for
certain results in Table 2.1. A four-color Gauss-Seidel smoother ([1] and
Method A in [12]) is used in a V(1,1) multigrid cycle. The convergence
factor (cf) is defined in (26). It is seen from Table 1.3 that stagnation occurs
when the breaking point w lies on all grids.

Table 1: Convergence factors (cf) for BBOX for diffusion problems with
discontinuous coefficients.

w | levels || (11) | (12)
30 2 .050 | .075

30 4 .083 | .120
31 2 067 | .096
31 3 980 | .980




2 Improved Versions of Black Box Multigrid

2.1 Improved BBOX for Definite Problems

First we introduce a version which avoids the first difficulty in Section 1.3.
Our numerical experiments and the analysis in Section 2.4 suggest that the
off-diagonal row-sums —7;(A) in (9) should be used only when the prolon-
gation is done along boundaries. This means that one should replace (9) by
the following criterion:

- { —7r:(A) j=i¢€ fand t: C 00 (13)

Q= otherwise.

Z‘L; o
1 ’]

Next, we treat the second difficulty of Black Box Multigrid. The algo-
rithm introduced in [10] (also discovered by the authors of [2] in an earlier
report) suggests to ‘throw’ off diagonal elements to the main diagonal; this
is done by modifying the G;’s defined in (13) by

ajj 0 a(D) \ a(j) # 0 # q(j) \ a(7)
az otherwise

(the main diagonal elements a; ; are modified first). The alternative approach
suggested here ‘throws’ to the main diagonal only elements which are too
large to participate in the collapse (7)—(8). Thus, the present version reads
as follows. Define

77 ={m € ;7 | ;5| < 7laz 5},

where 7 > 1 is a parameter. Do (13) and then, instead of (7)—(8), do

Zﬁie%; a’f,ﬁ'z J € t{a J 7£ 1
Uij = Zmesz Gn  Lfer, Zmesip\og Gm T T
0 otherwise,
L. = | Zmesjomy i€, jF1
I 0 otherwise.

Typically, one should choose 7 satisfying

<1< min |a;;
- 4 k

/la; ;.

The improved results obtained with 7 = 10 for the example in Section 1.3
are displayed in Table 2.1. In our numerical experiments, we also consider
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the ‘staircase’ problem (Example IV in [2]) with a 65 x 65 grid. For this grid,
Criterion (13) suggests that the off-diagonal row-sums —rz(A) should not
be used on the first level (since the first coarse grid is interior to the finest
one) but should be used in coarser levels on the upper and right edges of
the discrete boundary, where coarse grid boundary points coincide with fine
grid ones. The results in Table 2.1 show the advantage of BBOX with the
modified collapse in comparison with the method of [10] (implemented with
(11)) (it was also observed that multi level implementations of the method
of [10] stagnate for the highly indefinite examples in Section 4).

Table 2: Convergence factors for BBOX with the modified collapse (with 7 =
10). For comparison, results for the Kettler—Meijerink method are displayed
in the last column.

w levels || (11) | (12) | [10]
30 4 .084 | .114 | .320
31 4 082 ] .129 | .111
staircase 4 077 1.096 | .121

We have also used the above staircase example (again with N = 65) to
show the advantage of the criterion (13). The coarse grids consist of either
even numbered points or odd numbered points of the next finer grid. Note
that Criterion (9) corresponds to either the first and third rows in Table
2.1 or the second and fourth ones, depending on the interpretation of the
notation ‘<’ used there. Criterion (13), on the other hand, corresponds to
the second and third rows in Table 2.1 (at least on the finest level; the results
in the third row can be improved by using Criterion (13) on coarse levels also,
see Table 2.1). Thus, it gives optimal results regardless of the construction
of coarse grids.

Table 3: Various four-level implementations of BBOX with the modified
collapse (with 7 = 10) to the staircase problem (N = 65).

coarse grids consist of: a;; convergence factor
odd numbered points a;y 161
odd numbered points | —r;(A) .090
even numbered points a;y .089
even numbered points | —rz(A) 209




2.2 Improved BBOX for Indefinite Problems

The idea is to modify the definition of the restriction and prolongation oper-
ators such that the contribution from the term fu in (2) is distributed among
spatial directions. To this end, we suggest two possible strategies. The first
approach suggests to write A = G+ H, where H corresponds to a discretiza-
tion of the term [u in (2). Define the upper triangular matrices U(G) and
U(H) by applying (7) to G and H, respectively. Consider the prolongation
to a point i along certain spatial directions. In order to distribute the contri-
bution from [ properly, U(H );; should be multiplied by the relative diffusion
along these directions, namely,

U(H);5 < U(H)z; 060 (U(G)) /770 (G),

where (1) = 2g(7) and §(i) € Z% is the minimal integer vector (in, say, the [,
norm) for which 7 + (i) and 7 +2g(7) are in Q\ 89 (€ is introduced to avoid
the effect of boundary conditions). Alternatively, one can define (i) = 0
and assume that the matrix argument of the operator r(-) is extended such
that its stencil is defined on an infinite grid. P is then obtained by setting
U = U(G)+U(H) and proceeding as in Section 1.2. R is defined in a similar
way. The lower right block matrix of () in (11)—(12) is given automatically in
the decomposed form J.(RGP+RH P).J!, suitable for recursion in multi-level
implementations.

The above definition requires larger storage and set-up time than that
of standard BBOX. Furthermore, it requires the a-priori knowledge of the
splitting A = G + H. Hence, we introduce an alternative approach, which
coincides with the previous one for two-level implementations for (2d + 1)-
coefficient stencils for the Helmholtz equation. It reads as follows. Define

the discrete  at point Zby
B; = i e iveiy T Mivei (A)-
Define the relative diffusion at point i € f by

Yjet, [i-jl=19ij

d—.*:

v = hed 2 ,_.’_.’.
2jea, [i-fli=19i;

Do (13) and then modify the resulting a;;’s by
P { arp— 07 (L= drey)  T=J€f (14)
ij

’ a; 5 otherwise,



where . -
0 7€ fandt; CO0N
]_-.* = A
g 1 otherwise.

Thus, the contribution of the Helmholtz term [Su to main diagonal elements
is multiplied by the amount of diffusion in the directions of prolongation
(relatively to the total diffusion). (7) and (8) are then used to create P and
R and @ is defined as in (11)—(12). This approach works well in practice, e.g.,
for highly indefinite problems with variable coefficient 3 and non-rectangular
domains. It is denoted hereafter by Averaged Black Box multigrid (ABOX).

2.3 Representations of P for BBOX

For any two sets t, C t; C {1,...,d}, define

P = T Taer P gy Tyt #
1 0 tl :tg.

For any ordered set s, let II; denote a product of elements indexed in s with
a decreasing index order. Then we have

P~ =hgjcaliy—g— e, (I = Py 1y)
and, hence,

P = Ilo<jcgiIliy)=leyce, (I + Piy )
= I+ > Micick 1Pyt (15)

k>2, t1CtaCCty,

This representation will be useful in the next section.

2.4 Simplified Representations of P for ABOX

The motivation for the definition of ABOX lies in the opportunity to simplify
further the representation of P for schemes involving (2d + 1)-coefficient
stencils, such as finite volume and finite difference schemes. In this case the
coefficient matrix A may be written in the form

A=) X, (16)

where X, represents a three-point discretization of the derivatives in the
ith spatial direction (including possible substitution for these derivatives at



boundaries from boundary conditions). It is assumed that the term [u in
(2) contributes to diag(A) only; furthermore, it is assumed that the amount
of this contribution at point ¢ € Q is 3, out of which the amount

Bé’ " Tited) (Xk)/ Tivel) (A)

goes to (Xy);7 (1 <k < d).
Assume also that for each i € 9 and 1 <j<d

{;+ 1D ¢ Qori—10 ¢ Q} :>Zj mod 2 € §;,

where 1U) denotes the jth column vector of the identity matrix of order d
and S; is either {0} or {1}. (more accurately, this assumption is required
only for directions j for which boundary conditions other than Neumann are
imposed). This means that

junction points of 9 belong to ¢({1,...,d}) Uec. (17)

With these assumptions, a simple representation of P is available, with which
the two-level analysis in Section 3 below is much easier to implement.
For (16), AutoMUG is defined as follows. Let

P; =21 — diag(X;) ™' X; and R; = 21 — X;diag(X;)™". (18)

Let T} be the diagonal matrix which has the same row-sums as P; and define
T'i = H]¢lT’] Define

d
R == Jcnlngde, P == HOSde—IPd—jJ(f and Q - JCZCTJR]X]P]J;t (19)

J=1

We also consider the Frequency Decomposition Multigrid (FDM) method
of [9] for the solution of highly anisotropic equations. When X is consider-
ably smaller than all the other X;’s it is suggested in [16] and [9] to use two
coarse grid corrections: one with the standard bilinear prolongation and the
other with a bilinear-like prolongation but with alternating signs. In [16] the
same coarse grid is used for both corrections, whereas in [9] the coarse grid
used for the latter correction is shifted so that odd numbered variables are
used in the ith spatial direction. This appears to be a considerable improve-
ment (see Table 3.2 below). Here we consider the Child of FDM (CFDM)
and the Grandchild of FDM (GFDM) of [8]; these are variants of BBOX
(here they are implemented with (13) and (14)) for which 2¢ coarse grid cor-
rections are used, each of which uses transfer operators with signs alternating
in some of the spatial directions.
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For 1 <1 < d, define
Di = {;E Q1 205}

Define p; = p; for the implementation of [16] and p; = Q \ p; for that of [9].
For any set t C {1,...,d}, substitute

g(t) < (NigeDi) N (Niee (2 \ i)

and set ¢ = g(0) and f = Q\ c¢. Note that this is the same as before for
ABOX and for the implementation of [16]. With this redefinition, (15) holds
also for the implementation of [9], provided that P is upper triangular when
the variables are ordered in blocks g(t) with decreasing order of |¢t|. Define

Py = (I = diag(X) ' Xi) J,, Jy, for ABOX
. (a) (I — diag(X;)™' X;) ) Ty,
= or (b) P; = (diag(X;)™'X; —I)JL.J5, for CFDM
o (c) (I — diag(Xi)*lXi)J;ini
Pz - { or (d) R = @Z(dzag(Xz)leZ _ I)J;Jﬁz for GFDN[7

where ©; is a diagonal matrix measuring the strength of the diffusion in the
ith spatial direction: if (d) is used in more than one spatial direction then
©; = 0; else,

0; = diag (max (0,1~ (d — 1)r3, 47 (X:) /77,45 (A — X))

seq” (20)
Finally, we consider what we call CFDM(z;), for which at most two coarse
grid corrections are used, namely, Definition (b) is used only when X; is
considerably smaller than all the other Xj’s.

With the terminology of Section 2.3, (16) implies that P, ;, = 0 if |¢; \
ty| > 2. Consequently, (15) obtains the form

P = I+ Z Ho<ick 1 Poufry,erisr 10001t}

tC{lazd}a k>1, 1§7‘17’£"'¢T}C§d, T1yeeey Tkgt

-1 >
tc{la"'yd}a kZL 19‘1?5"'?57"de; ’l“l,~~~,7"k€t
—1

I+1
(Hogzgk—1 (diag (Z Xi+> Xm>> diag (Xml) Pml) J§<t) Jo(t)-

1€t =1

In the remainder of this paper we consider the implementation (12). Note
that for this approach one may substitute

P« PJ', R+ J,R and Q< RAP
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(in this order). The above equality is then reduced to

I+1 -1
P=Jt 3 (Hoglgk_l (diag (Z X)) diag (X, ) Pml) JL

k>1, 1<r1Z#r,<d i=1

If, in addition, the problem is separable, namely, the diag(X;) ™' X;’s commute
with each other, then this simplifies to read (the proof is by induction on d,
see [11])

P = J+ > (Hogzgkflprl“) J:

k>1, 1<r1<--<rp<d

= Mica(l + P)JL. (21)

Note that R also is equal to the right hand side of (21), provided that the
multiplication by J! on the right is replaced by a multiplication by J,. on
the left and the P,’s are replaced by suitable R;’s. For ABOX, for example,
one should use R; = J. J, (I — X;diag(X;)~") and proceed as above, and
similarly for the other methods. This gives a uniform representation for
ABOX, CFDM, GFDM and AutoMUG and considerably simplifies the two-
level analysis introduced next.

3 Two-Level Analysis for Black Box Multi-
grid
3.1 The Two-Level Analysis Method

Assume that A is diagonalizable and that, for every eigenvector of A of the
form v = {v;}: g,

0@ = {(=1) T i) a € {0,1}

je
are also eigenvectors of A with the corresponding eigenvalues A(®). This
assumption holds, for example, for (a) periodic problems with constant co-
efficients (namely, when A is a circulant Toeplitz tensor), (b) problems with
constant coefficients and 3%-coefficient stencils and (c¢) problems of the form
(16) (see [17], Sec. 7.1). Let us compute the symbol A of A, namely, the
representation of A in the subspace spanned by the v(®)’s. The basis used for
this is {Jg(s)Jg(s)U}sc{l,...,d}- For any set s, let 2° denote the family of subsets
of s. Define the isomorphisms

s € 2thdb 5 q(s) € {0, 1}¢ by «(s)i=1 & i€s
and span{J},Jos) v sy = V{0, 1}9) by JiyJywv — als).
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Then the symbol Jy() is the (X9, a(s);2% + 1)st row of the identity matrix
of order 2% and J,, = 25, igs Jg(s)- Define the symmetric orthogonal discrete
Haar transform by

d . .
H = (hys)ysei00yas hos = 27'1/2(—1)21:1 Vidi

Then we have X
A = Hdiag()\(a))ae{O,l}dH.

Clearly, for cases (a) and (b) R and P are also available. For (16), assume that
the X;’s have constant main diagonals and commute with each other. Then
the X;’s can be computed the same way A was and R and P result from (21)
(for GFDM it is also required that the ©,’s are multiples of the identity).
The symbol of () is then obtained from the symbol product Q RAP.
For AutoMUG, the symbols of the restriction, prolongation and coarse grid
coefficient matrix are computed similarly, using the definitions (18)—(19) and
assuming that the matrices J.T;J! used there are multiples of the identity
(see [11]).

Let 0 < k < d—1 be a fixed integer and consider a 2¢~*-color hyperplane
relaxation with k-dimensional hyperplanes (for example, when k& = 0 this is
a multi-color point relaxation with the colors ¢(s), s C {1,...,d}). For the
symbol S of this relaxation, write A = (A17])197]§2d_k, where the fli,j’s are
blocks of order 2¥ corresponding to the various colors. The square matrix
symbol of the first color relaxation is then given by

S . 0 —12117&1211,2 —Ai%fllgdw
o I

and S is just the product of such symbols. The symbol of the iteration ma-
trix (5) is then obtained by replacing individual matrices there by their cor-
responding symbols. For the multiple coarse grid correction methods CFDM
and GFDM, two possible implementations exist: the additive approach, for
which the iteration matrix symbol is

Sve (I—(ZPQlR) )S”l (22)

(where j runs over all coarse grid corrections) and a multiplicative approach,
for which the residual is recomputed after every coarse grid term addition
and the iteration matrix symbol is

7L, (7 — P,Q; Ry A)S™ (23)

13



The spectrum of the iteration matrix may be computed by scanning over
eigenvalues corresponding to elements in a set V' of eigenvectors of A satis-
fying [V| > [|€]/2%] and u,v € V = u & span{v\®},c(p13¢ and computing
numerically the spectra of the corresponding symbols of the iteration matrix.

3.2 Applications

For separable problems of the form (16) the spectrum of A is the sum of
those of the tridiagonal matrices X;. In some cases it is known that these
spectra lie in the interior of certain ellipses (or circles, using Gershgorin’s
theorem) in the complex plane; since the eigenvalues of the iteration matrix
are given as a meromorphic function of those of the X;’s, one may scan over
the corresponding ellipses (and possible poles of this function) and obtain
an upper bound for the asymptotic convergence factor. Alternatively, the
spectra of the X;’s can be computed numerically either by an LU method or
by a Lanczos type method. Here we apply the two-level analysis method to
some model problems for which these spectra are known in advance, namely,
Dirichlet problems with constant coefficients in the unit square. The first
example is the anisotropic diffusion equation

—Ugg — OUyy = [

with a uniform N x N grid and the usual five-coefficient second order dis-
cretization. The red-black Gauss-Seidel (RB) smoother, (12), (14), vy = vy =
1 and N = 63 are used. It is well-known that for anisotropic problems RB
is not an appropriate smoother for single coarse grid correction algorithms.
From Table 3.2, however, it can be seen that it is quite efficient in the multi-
ple coarse grid correction algorithms CFDM and GFDM, provided that the
implementation of [9] is used. Note that the results for this implementation
are only approximations for the actual convergence factors of the methods of
8], since (17) cannot hold for all the coarse grids simultaneously.
Next, we consider indefinite Helmholtz equations. For the slightly indef-
inite equation
—Ugy — Uyy — 20U = f (24)

we obtained spectral radii similar to those for the Poisson equation, namely,
0625 for ABOX and .0741 for AutoMUG. This is in agreement with results
in [13] (see Theorem 1 there and the discussion proceeding it). Then we turn
to the more difficult highly indefinite equation

—Ugy — Uyy — 790u = f. (25)
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Table 4: Spectral radii of two-level iteration matrices for an anisotropic diffu-
sion equation with Dirichlet boundary conditions. N = 63, the RB smoother
and v, = vy = 1 are used.

o residuals [16] [16] [16] 9] [9] 9]
CFDM(y) | CFDM | GFDM || CFDM(y) | CFDM | GFDM

1072 | not recomputed (22) 967 .956 967 281 281 274

1072 | recomputed (23) 956 .956 956 081 084 077

1075 | not recomputed (22) .995 995 995 .003 052 .002

10~° |  recomputed (23) 995 995 995 .000 083 .001

The (scaled) coefficient matrix for this problem with N = 15, 31 and 63 has
(respectively) 38, 32 and 30 distinct negative eigenvalues, the five smallest
(in magnitude) of which are displayed in the 1st, 4th and 7th columns of
Table 3.2. This information shows that the problem is nearly singular in the
sense of [4]. In the other columns of Table 3.2, the five largest (in magnitude)
eigenvalues of the iteration matrices of ABOX and AutoMUG are displayed.

Although the basic iteration (4) diverges, it is seen that for N = 31 and
N = 63 there exist only few isolated eigenvalues of magnitude larger than or
close to one. Consequently, it is expected that a Lanczos-type acceleration
method applied to (4) will yield suitable linear combinations of iterants in
such a way that error components corresponding to large eigenvalues are
annihilated. This results in convergence controlled by the small eigenvalues
alone, as confirmed numerically in Section 4. Moreover, the analysis in [3]
and the multi-level analysis in [13] show that the number of levels may be
arbitrarily enlarged, provided that the appropriate mesh-size for the coarsest
grid is unchanged. A 31 x 31 or a 15 x 15 grid is thus suitable for serving as
a coarsest grid in a multi-level implementation for this problem.

4  Numerical Results

The numerical experiments presented here confirm the results of Section 3.2.
As a matter of fact, the results in Table 4 coincide with those of Tables 3.2.
When acceleration is used, the efficiency of ABOX for highly indefinite prob-
lems is shown. Due to its inexpensive multi-level implementation, AutoMUG
appears to be competitive in some cases; however, it should be kept in mind
that AutoMUG is less robust in the sense that it cannot handle stencils with
more than 2d + 1 coefficients.
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Table 5: Five largest negative eigenvalues of A (scaled) and five largest (in
magnitude) eigenvalues of two-level iteration matrices for the highly indefi-
nite Helmholtz equation. The RB smoother and v; = vy, = 1 are used.

N=15|N=15| N=15 N=31 [ N=31|N=31 N=63 | N=63|N =063
A ABOX | AMUG A ABOX | AMUG A ABOX | AMUG
-0.241 | 174.13 | -886.52 | -1.14-1073 | -6.710 | -17.56 | -1.16-10=3 | -3.409 1.478
-0.368 | 119.77 | -727.10 | -1.90-1072 | 1.680 291 -8.42-1073 | 0.751 -0.928
-0.431 61.56 | -594.85 || -2.07-10"2 | 1.028 -1.75 -9.97-1073 | 0.329 0.451
-0.528 | -42.44 | -511.42 | -5.04-1072 | -0.700 0.981 -1.08-1072 | 0.152 -0.183
-0.617 | -33.37 | -416.42 | -6.03-1072 | 0.554 0.786 | -1.63-1072 | -0.136 | -0.136

We consider Equation (25) with Dirichlet boundary conditions. Although
it is ill-posed, it is suitable for serving as a test problem for more realistic
situations. It is discretized via a second-order five-point difference scheme
on a uniform N x N grid. The initial guess is random in (0, 1). The solution
is u = 0. The RB smoother is used in V(0,1) or V(1,1)-cycles. (12) and (14)
are used. The second level equation is solved with six orders of magnitude
accuracy.

In order to handle iteration matrix eigenvalues of magnitude larger than
one, we apply to the basic two-level iteration (4) the Conjugate Gradients
Squared (CGS) acceleration method of [14]. We define the following measures
of efficiency: the convergence factor

o ||A37last - b||2

cf = 26
||Axlast—1 — b||2 ( )

and the preconditioned convergence factor

f= (“Pl(A:Elast - b) ||2 ) 2/(last-(v1+v2+1))
1P~ (Ao = b)]

Y

where P is the multigrid preconditioner used and last is large enough to real-
ize the process behavior (for pcf, last is the first integer for which the [, norm
of the preconditioned residual is reduced by six orders of magnitude). The
preconditioned residual norm is available in the CGS process; furthermore,
since the preconditioned system is better conditioned than the original one,
the norm of the preconditioned residual is a better convergence measure than
that of the residual itself. It was also checked that the [, and [, norms of the
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error decrease by at least four orders of magnitude during the convergence
process.

The above definition of pcf takes into account the additional work required
for smoothing and residual computation; its basic measure is the averaged
convergence factor for a V(0,1)-cycle.

In all our tests, we have found essentially no difference between the per-
formances of (11) and (12) for indefinite problems. Since the latter is less
expensive in terms of time and storage it was used here. The results are
summarized in Tables 4 and 4.

Table 6: Convergence factors (cf) for two-level implementations for the highly

indefinite equation. No acceleration is used.
N | v | vn | BBOX | AutoMUG | ABOX

31111 10.613 17.563 6.710
631 | 1| 2.007 1.478 3.409

Table 7: Preconditioned convergence factors (pcf) for two-level implementa-
tions for the highly indefinite equation. CGS acceleration is used.

N | vy | v2 | BBOX | AutoMUG | ABOX
31111 976 798 784
31101 915 726 767

Finally we consider four-level implementations for the slightly indefinite
equation (24) with Dirichlet boundary conditions. The RB smoother is used
for AutoMUG and a four-color Gauss-Seidel smoother ([1] and Method A in
[12]) is used for the other methods. ABOX is implemented with (14). No
acceleration is used. The advantage of ABOX and AutoMUG is evident from
Table 4. It is also seen that (11) is not better than (12).
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